A possible source of black hole entropy could be the entanglement of quantum fields in and out the horizon. The entanglement entropy of the ground state obeys the area law. However, a correction term proportional to a fractional power of area results when the field is in a superposition of ground and excited states. Inspired by the power-law corrections to entropy and adopting the viewpoint that gravity emerges as an entropic force, we derive modified Newton's law of gravitation as well as the corrections to Friedmann equations. In a different approach, we obtained power-law corrected Friedmann equation by starting from the first law of thermodynamics at apparent horizon of a FRW universe, and assuming that the associated entropy with apparent horizon has a power-law corrected relation. Our study shows a consistency between the obtained results of these two approaches. We also examine the time evolution of the total entropy including the power-law corrected entropy associated with the apparent horizon together with the matter field entropy inside the apparent horizon and show that the generalized second law of thermodynamics is fulfilled in a region enclosed by the apparent horizon.
I. INTRODUCTION
Recently, Verlinde [1] demonstrated that gravity can be interpreted as an entropic force caused by the changes in the information associated with the positions of material bodies. In his new proposal, Verlinde obtained successfully the Newton's law of gravitation, the Poisson's equation and Einstein field equations by employing the holographic principle together with the equipartition law of energy. As soon as Verlinde presented his idea, many relevant works about entropic force appeared. For example, Friedmann equations from entropic force have been derived in Refs. [2, 3] . The Newtonian gravity [4] , the holographic dark energy [5] and thermodynamics of black holes [6] have been investigated by using the entropic force approach. It has been shown that uncertainty principle may arise in the entropic force paradigm [7] . Other studies on the entropic force, which raised a lot of attention recently, have been carried out in [8] .
On the other hand, string theory, as well as the string inspired braneworld scenarios such as RSII model, suggest a modification of Newton's law of gravitation at small distance scales [9, 10] . In addition, there have been considerable works on quantum corrections to some basic physical laws. The loop quantum corrections to the Newton and Coulomb potential have been investigated in some references (see [11] and references therein). Also, corrections to Friedmann equations from loop quantum gravity has been studied in [12] .
Inspired by Verlinde's argument and considering the quantum corrections to the area law of the black hole entropy, one is able to derive some physical equations with correction terms. For example, modified Newton's law of gravitation has been studied in [13] , while, modified Friedmann equations have been constructed in [14, 15] . In all these cases [13] [14] [15] the corrected entropy has the logarithmic term which arises from the inclusion of quantum effects, motivated from the loop quantum gravity and is due to the thermal equilibrium fluctuations and quantum fluctuations [17] . In addition, entropic corrections to Coulomb's law have also been investigated in [16] . Very recently, by considering the quantum corrections to the area law of black hole entropy, the modified forms of Poisson's equation of gravity, MOND theory of gravitation and Einstein field equations were derived using the entropic force interpretation of gravity [18] .
In this paper we would like to consider the effects of the power-law correction terms to the entropy on the Newton's law and Friedmann equation. The power-law corrections to entropy appear in dealing with the entanglement of quantum fields in and out the horizon [19] . Indeed, it has been shown that the origin of black hole entropy may lie in the entanglement of quantum fields between inside and outside of the horizon [19] . Since the modes of gravitational fluctuations in a black hole background behave as scalar fields, one is able to compute the entanglement entropy of such a field, by tracing over its degrees of freedom inside a sphere. In this way the authors of [19] showed that the black hole entropy is proportional to the area of the sphere when the field is in its ground state, but a correction term proportional to a fractional power of area results when the field is in a superposition of ground and excited states. For large horizon areas, these corrections are relatively small and the area law is recovered. Applying this power-law corrected entropy, we obtain the corrections to Newton's law as well as modified Friedmann equation by adopting the viewpoint that gravity emerges as an entropic force.
The outline of our paper is as follows. In the next section, we use Verlinde approach to derive Newton's law of gravitation with a correction term resulting from the entanglement of quantum fields in and out the horizon. In section III, we derive the power-law entropycorrected Friedmann equation of FRW universe by considering gravity as an entropic force. Then, in section IV, we obtain modified Friedmann equation by applying the first law of thermodynamics at apparent horizon of a FRW universe. In section V we examine to see whether the power-law entropy-area relation together with the matter field entropy inside the apparent horizon will satisfy the generalized second law of thermodynamics. The last section is devoted to conclusions and discussions.
II. ENTROPIC CORRECTION TO NEWTON'S LAW
According to Verlinde's argument, when a test particle moves apart from the holographic screen, the magnitude of the entropic force on this body has the form
where △x is the displacement of the particle from the holographic screen, while T and △S are the temperature and the entropy change on the screen, respectively. In Verlinde's discussion, the black hole entropy S plays a significant role. Indeed, the derivation of Newton's law of gravity depends on the entropy-area relationship S = k B A/4ℓ 2 p of black holes in Einsteins gravity, where A = 4πR
2 represents the area of the horizon and ℓ p = G /c 3 is the Planck length. However, the area law of black hole entropy can be modified [19] . The corrected entropy takes the form [20] 
where α is a dimensionless constant whose value is currently under debate, k B stands for the Boltzmann constant and
where r c is the crossover scale. The second term in the above Eq. (2) may be regarded as a power law correction to the area law, resulting from entanglement, when the wave-function of the field is chosen to be a superposition of ground state and exited states. Considering the power-law correction to entropy, we show that Newton's law of gravitation as well as Friedman equations will be modified accordingly. First of all, we rewrite Eq. (2) in the following form
where s(A) stands for the correction term in the entropy expression. Suppose we have two masses one a test mass and the other considered as the source with respective masses m and M . Centered around the source mass M , is a spherically symmetric surface S which will be defined with certain properties that will be made explicit later. To derive the entropic law, the surface S is between the test mass and the source mass, but the test mass is assumed to be very close to the surface as compared to its reduced Compton wavelength λ m = mc . When a test mass m is a distance △x = ηλ m away from the surface S, the entropy of the surface changes by one fundamental unit △S fixed by the discrete spectrum of the area of the surface via the relation
The energy of the surface S is identified with the relativistic rest mass of the source mass:
On the surface S, there live a set of "bytes" of information that scale proportional to the area of the surface so that
where N represents the number of bytes and Q is a fundamental constant which should be specified later. Assuming the temperature on the surface is T , and then according to the equipartition law of energy [21] , the total energy on the surface is
Finally, we assume that the force on the particle follows from the generic form of the entropic force governed by the thermodynamic equation
where △S is one fundamental unit of entropy when |△x| = ηλ m , and the entropy gradient points radially from the outside of the surface to inside. Note that N is the number of bytes and thus we set △N = 1; hence from (7) we have △A = Q. Combining Eqs. (5)- (9), we find
This is nothing but the Newton's law of gravitation to the first order provided we define Q 2 = 8πηℓ 4 p . Thus we reach
Using Eq. (2) we obtain
Substituting Eq. (12) in Eq. (11) we obtain
Using Eq. (3) the above relation can be rewritten as
This is the power-law correction to the Newton's law of gravitation. When α = 0, one recovers the usual Newton's law. Since gravity is an attractive force we should have F < 0. This requires
which can also be rewritten as
As we will see in section V, this condition is also necessary for satisfaction of the generalized second law of thermodynamics for the universe with the power-law corrected entropy.
III. ENTROPIC CORRECTIONS TO FRIEDMANN EQUATIONS
Next, we extend our discussion to the cosmological setup. Assuming the background spacetime to be spatially homogeneous and isotropic which is described by the line element
where R = a(t)r, x 0 = t, x 1 = r, the two dimensional metric h µν =diag (−1, a 2 /(1 − kr 2 )). Here k denotes the curvature of space with k = 0, 1, −1 corresponding to open, flat, and closed universes, respectively. The dynamical apparent horizon, a marginally trapped surface with vanishing expansion, is determined by the relation h µν ∂ µ R∂ ν R = 0. A simple calculation gives the apparent horizon radius for the Friedmann-Robertson-Walker (FRW) universe
where H =ȧ/a is the Hubble parameter. We also assume the matter source in the FRW universe is a perfect fluid of mass density ρ and pressure p with stress-energy tensor
Due to the pressure, the total mass M = ρV in the region enclosed by the boundary S is no longer conserved, the change in the total mass is equal to the work made by the pressure dM = −pdV , which leads to the well-known continuity equationρ
It is instructive to first derive the dynamical equation for Newtonian cosmology. Consider a compact spatial region V with a compact boundary S, which is a sphere with physical radius R = a(t)r. Note that here r is a dimensionless quantity which remains constant for any cosmological object partaking in free cosmic expansion.
Combining the second law of Newton for the test particle m near the surface with gravitational force (14) we get
We also assume ρ = M/V is the energy density of the matter inside the the volume V = 
This is nothing but the power-law entropy-corrected dynamical equation for Newtonian cosmology. The main difference between this equation and the standard dynamical equation for Newtonian cosmology is that the correction terms now depends explicitly on the radius R. However, we can remove this confusion. Assuming that for Newtonian cosmology the spacetime is Minkowskian with k = 0, then we get R = 1/H, and we can rewrite Eq. (22) in the form
It was argued in [22] that for deriving the Friedmann equations of FRW universe in general relativity, the quantity that produces the acceleration is the active gravitational mass M [23] , rather than the total mass M in the spatial region V . With the entropic correction term, the active gravitational mass M will also modified as well. On one side, from Eq. (22) with replacing M with M we have
On the other side, the active gravitational mass is defined as [22] 
A simple calculation leads
Equating Eqs. (24) and (26), we find
(27) continuity equation (20) we reach
Integrating of Eq. (28), we find
where k is a constant of integration. Now, in order to calculate the integral we need to find ρ = ρ(a). Assuming the equation of state parameter w = p/ρ is a constant, the continuity equation (20) can be integrated immediately to give
where ρ 0 is the present value of the energy density. Inserting relation (30) in Eq. (29), after integration, we obtain
where we have defined
Using Eq. (18), we can rewrite Eq. (31) as
In the absence of the correction terms (α = 0 = β), one recovers the well-known Friedmann equation in standard cosmology. Let us note that the left hand side of Eq. (33) is always positive thus the right hand side is also positive. This is due to the fact that the right hand side of the usual Friedmann equation is always positive (ρ > 0 and G > 0) so H 2 + k/a 2 should be positive in our case to have a correct β = 0 = α limit. This leads to the following condition
Eq. (33) can also be written as
Taking into account condition (34) we can expand the above equation up to the linear order of β. The result is
where we have neglected O(β 2 ) terms and higher powers of β. This is due to the fact that at the present time R ≫ 1 and hence H 2 + k/a 2 ≪ 1 (see the right hand side of standard Friedman equation where G ∼ 10
and ρ ≪ 1). Indeed for the present time where the apparent horizon area (radius) becomes large, the powerlaw correction terms to entropy [19] and hence to Friedman equation are relatively small and the usual Friedman equation is recovered. Thus, the corrections make sense only at the early stage of the universe where a → 0. When a → 0, even the higher powers of β should be considered. These correction terms at the early stage of the universe may affect on the number of e-folding during the inflation. However this issue should be examined carefully elsewhere. With expansion of the universe, the power-law entropy-corrected Friedmann equation reduces to the usual Friedman equation.
IV. MODIFIED FRIEDMANN EQUATIONS FROM THE FIRST LAW
In this section, we adopt another approach to derive the entropy-corrected Friedmann equation. Indeed, we are able to derive modified Friedmann equation by applying the first law of thermodynamics at apparent horizon of a FRW universe, with the assumption that the associated entropy with apparent horizon has the powerlaw corrected form (2) . It was already shown that the differential form of the Friedmann equation in the FRW universe can be written in the form of the first law of thermodynamics on the apparent horizon [24] . We follow the method developed in [25] . Throughout this section we set = c = k B = 1 for simplicity. The associated temperature with the apparent horizon can be defined as [26] 
where κ is the surface gravity. WhenṘ ≤ 2HR, the temperature becomes negative T ≤ 0. Physically it is not easy to accept the negative temperature. In this case the temperature on the apparent horizon should be defined as T = |κ|/2π. The work density is obtained as [27] 
The work density term is regarded as the work done by the change of the apparent horizon. We also assume the first law of thermodynamics on the apparent horizon is satisfied and has the form
where S h is the power-law corrected entropy associated with the apparent horizon which has the form (2). Suppose E = ρV is the total energy content of the universe inside a 3-sphere of radius R, where V = 4π 3 R 3 is the volume enveloped by 3-dimensional sphere with the area of apparent horizon A = 4πR
2 . Taking differential form of the relation E = 4π 3 ρR 3 for the total matter and energy inside the apparent horizon, and using the continuity equation (20), we get
Taking differential form of the corrected entropy (2), we have
Inserting Eqs. (37), (38), (40) and (41) in the first law (39), we can get the differential form of the modified Friedmann equation
Using the continuity equation (20), we can rewrite it as
Integrating (43) yields
where C is an integration constant to be determined later. Substituting R from Eq. (18) we obtain entropycorrected Friedmann equation
The constant C can be determined by taking the α → 0 limit of the above expression. In this limit Eq. (45) reduces to the usual Friedmann equation provided C = −r −2 c . Thus we reach
This is the power-law entropy corrected Friedmann equation derived using the first law on the apparent horizon.
To show the consistency between the result of this section with Eq. (36) derived in the previous section, let us note that Eq. (36) in the previous section was derived for the late time where the term O(β 2 ) can be neglected and thus we do not expect to be exactly the same as the result obtained in this section which is valid for all epoch of the universe. However, if one absorbs, in Eq. (45), the constant C in ρ, then one can rewrite Eq. (45) as
which is consistent with Eq. (36) derived using the entropic force approach in the previous section provided one takes β = −1, which can be translated into
For α > 2, the above relation leads to w < −1/3. Two points should be considered here carefully. First, relation (48) was derived for β = −1, thus it does not have α = 0 limit, since in this case (α = 0), from definition (32) we have β = 0, which is in contradiction with condition β = −1. Second, relation (48) appears when we want to show the consistency between modified Friedman equation derived from two methods. In the absence of correction terms (α = 0 = β) the obtained Friedman equations from two different methods, namely Eqs. (36) and (46) exactly coincide regardless of the value of w. This indicates that for usual Friedmann equation the condition (48) is relaxed and hence w can have any arbitrary value in standard cosmology. It is also notable to mention that Eq. (46) is consistent with the result obtained in [28] . However, our derivation is quite different from [28] . Let us stress the difference between our derivation in this section and [28] . First of all, the authors of [28] have derived modified Friedmann equations by applying the first law of thermodynamics, T dS = −dE, to the apparent horizon of a FRW universe with the assumption that the apparent horizon has corrected-entropy like (2) . It is worthy to note that the notation dE in [28] is quite different from the same we used in this section. In [28] , −dE is actually just the heat flux crossing the apparent horizon within an infinitesimal internal of time dt. But, here dE is change in the the matter energy inside the apparent horizon. Besides, in [28] the apparent horizon radius R has been assumed to be fixed. But, here, the apparent horizon radius changes with time. This is the reason why we have included the term W dV in the first law (39). Indeed, the term 4πR 2 ρdR in Eq. (40) contributes to the work term, while this term is absent in dE of [28] . This is consistent with the fact that in thermodynamics the work is done when the volume of the system is changed.
V. GENERALIZED SECOND LAW OF THERMODYNAMICS
Finally, we investigate the validity of the generalized second law of thermodynamics for the power-law entropy corrected Friedmann equations in a region enclosed by the apparent horizon. Our method here differs from that of Ref. [20] , in that they studied the generalized second law along with either Clausius relation or the equipartition law of energy, while we apply the first law of thermodynamics (39). The difference between our method and Ref. [28] was also explained in the last paragraph of the previous section. Substituting relation (18) in modified Friedmann Eq. (46) we find
Differentiating Eq. (49) with respect to the cosmic time, after using the continuity Eq. (20), we geṫ
Next, we calculate T hṠh . Using Eq. (41) we find
(51) After some simplification and using Eq. (50) we obtain
In the accelerating universe the dominant energy condition may violate, ρ + p < 0, indicating that the second law of thermodynamics ,Ṡ h ≥ 0, does not hold. However, as we will see below the generalized second law of thermodynamics,Ṡ h +Ṡ m ≥ 0, is still fulfilled throughout the history of the universe. From the Gibbs equation we have [31] 
where T m and S m are, respectively, the temperature and the entropy of the matter fields inside the apparent horizon. We limit ourselves to the assumption that the thermal system bounded by the apparent horizon remains in equilibrium so that the temperature of the system must be uniform and the same as the temperature of its boundary. This requires that the temperature T m of the energy inside the apparent horizon should be in equilibrium with the temperature T h associated with the apparent horizon, so we have T m = T h [31] . This expression holds in the local equilibrium hypothesis. If the temperature of the fluid differs much from that of the horizon, there will be spontaneous heat flow between the horizon and the fluid and the local equilibrium hypothesis will no longer hold. Therefore from the Gibbs equation (53) we can obtain
To check the generalized second law of thermodynamics, we have to examine the evolution of the total entropy S h + S m . Adding equations (52) and (54), we get
where A = 4πR 2 is the apparent horizon area. SubstitutingṘ from Eq. (50) into (55) we find
As we argued after Eq. (14) the expression in the bracket of Eq. (56) is always positive i.e.,
Thus the right hand side of Eq. (56) cannot be negative throughout the history of the universe, which means thatṠ h +Ṡ m ≥ 0 always holds. This implies that for a universe with power-law entropy corrected relation the generalized second law of thermodynamics is fulfilled in a region enclosed by the apparent horizon. Note that if we identify the crossover scale r c with the present value of the apparent horizon, i.e., r c = R, then the condition (57) reduces to α < 2, which is consistent with the result obtained in [20, 28] .
VI. CONCLUSIONS AND DISCUSSIONS
It was argued that a possible source of black hole entropy could be the entanglement of quantum fields in and out the horizon [19] . The entanglement entropy of the ground state of field obeys the well-known area law. However, the power-law correction to the area law appears when the wave-function of the quantum field is chosen to be a superposition of ground state and exited state [19] . Indeed, the excited states contribute to the correction, and more excitations produce more deviation from the area law [29, 30] . Therefore, the correction terms are more significant for higher excitations.
Motivated by the power-law corrected entropy and adopting the viewpoint that gravity emerges as an entropic force, we derived modified Newton's law of gravitation as well as power-law correction to Friedmann equations. We found that the correction term for Friedmann equation falls off rapidly with apparent horizon radius and can be comparable to the first term only when the scale factor a is very small. Thus the corrections make sense only at early stage of the universe. When the universe becomes large, the power-law entropy-corrected Friedmann equation reduces to the standard Friedman equation. This can be understood easily. At late time where a is large, i.e., at low energies, it is difficult to excite the modes and hence, the ground state modes contribute to most of the entanglement entropy. However, at the early stage, i.e., at high energies, a large number of field modes can be excited and contribute significantly to the correction causing deviation from the area law and hence deviation from the standard Friedmann equation.
We also derived modified Friedmann equation from different approach. Starting from the first law of thermodynamics at apparent horizon of a FRW universe, and assuming that the associated entropy with apparent horizon has power-law corrected form (2), we obtained modified Friedmann equation. We find out that the derived modified equations from these two different approaches (entropic force approach and first law approach) can be consistent provided the equation of state parameter satisfies in condition (48). However, in the absence of the correction terms (α = 0 = β) the obtained Friedman equations from two different methods, namely Eqs. (36) and (46) exactly coincide regradless of the value of w. This indicates that for usual Friedmann equation the condition (48) is relaxed and hence w can have any arbitrary value in standard cosmology.
Finally, we investigated the validity of the generalized second law of thermodynamics for the FRW universe with any spatial curvature. We have shown that, when thermal system bounded by the apparent horizon remains in equilibrium with its boundary such that T m = T h , the generalized second law of thermodynamics is fulfilled in a region enclosed by the apparent horizon. The results obtained here for power-law corrected entropy area relation further supports the thermodynamical interpretation of gravity and provides more confidence on the profound connection between gravity and thermodynamics.
